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Abstract. We consider the Navier-Stokes initial value problem, 
v t - Av = -V [v ■ Vu] + / , v(x, 0) = v (x), x 6 K 3 
where V is the Hodge-Projection to divergence free vector fields in the assump- 
tion that ||/|L g < co and ||fo 11^+2, /3 < 00 f° r > 0, p. > 3, where 

\\f(k)\\„,S = ™ P e^*l(l + |fc|n/(fe)| 
fceK 3 

and f(k) = F[f(-)] (k) is the Fourier transform in x. 

By Borel summation methods we show that there exists a classical solution 
in the form 



e -P/ t U(x,p)dp 





t £ C, Re^ > a, and we estimate a in terms of ||fio ll/ll/j,/3- We show 

that \\v(-; t)||(j+2,/3 < °°- Existence and t-analyticity results are analogous to 
Sobolev spaces ones. 

An important feature of the present approach is that continuation of v 
beyond t = a - 1 becomes a growth rate question of U(-,p) as p — » oo, U being 
is a known function. For now, our estimate is likely suboptimal. 

A second result is that we show Borel summability of v for vo and / analytic. 
In particular, we obtain Gevrey-1 asymptotics results: v ~ Vq + 5Zm=i "m'*™ > 
where |t? m | < mlAoB™, with Aq and £?o are given in terms of to vo and / and 
for small t, with m(t) = L^ 1 *" 1 ], 

m(t) 

-«o(a;) - v m (x)t m < A m(t) 1/2 e~ 



"»(*) 



1. Introduction and main results 

We consider the Navier-Stokes (NS) initial value problem 

(1.1) v t - Av = -V[v-Wv]+ f(x) , v(x,0) =v (x), xeM 3 , t e R + 

where u is the fluid velocity and V = I — VA _1 (V-) is the Hodge-Projection 
operator to the space of divergence free vector fields. We rescale v, x and t so that 
the viscosity is one. The initial condition vq and the forcing f{x) are chosen to 
be divergence free. We assume / to be time-independent for simplicity, but a time 
dependent / could be treated similarly. Moreocver, from the analysis presented 
here, it will be clear that similar results can be obtained for the corresponding 
periodic problem, i.e. v(.,t) G T 3 . 
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Wc first write the equation in the Fourier space. We denote by T or simply "the 
Fourier transform and i is the Fourier convolution. Since V • v = we get 

(1.2) v t + \k\ 2 v = -ikjP k [vjU] + f , v(k, 0) = v , 

where as usual a repeated index j denotes summation over j (— 1,2,3). If Pk — 
J-(V) we get 

(1-3) r^i'-W)- 

Definition 1.1. We introduce the norm \\ ■ W^p by 

(1.4) |NL/» = sup(l + |A : |)^ e ' 3 l fc l|« (fc)| , where v (k) =FM-)](k), 

fcSR 3 

We assume ||uo||2+/i„8 < oo, H/11^,/3 < oo for some /3 > and /i > 3. Clearly, if 
f3 > 0, then Vq and / are analytic in a strip of width at least (3. 

There is considerable mathematical literature for Navier-Stokes equation, start- 
ing with Leray's papers in the 1930s [TS], [IS], [II]. Global existence and uniqueness 
are known in 2d (see for instance [3] and reference therein). However, this is not 
the case in 3d. It is not known whether classical solutions exist globally in time for 
arbitrary sized smooth or even analytic initial data. While weak solutions in the 
space of distributions are known to exist since Leray, it is not known if they are 
unique or not without additional assumptions. Only local existence and uniqueness 
of classical solutions is known, with a time of existence inversely proportional to a 
Sobolev norm of vq. There are sufficient conditions that guarantee existence for all 
times [5], [7J, but of course it is unknown whether they are satisfied. The solution, 
as long as it exists, is known to be analytic in part of the right half complex t-plane 
[15] , [H], [H]. If space-periodic conditions are imposed, for v £ i? 1 (T 3 ), and / 
analytic, then the solution v becomes analytic in space as well [H], [5]. 

The purpose of this paper is twofold. One is to introduce Borel transform tech- 
niques (the notions are explained in the sequel) in time for nonlinear evolution 
PDEs. After Borel transform, NS becomes an integral equation in p, the Borel dual 
variable of 1/t The integral equation is shown to have a unique solution in an 
exponentially weighted space, L 1 (dpe~ ap ) for some a > 0. An important advan- 
tage of this formulation is that existence in t of the evolution PDE is transformed 
into finding the large p-asymptotics of a known solution to an integral equation 
(finding a). We do not, in this paper, find an optimal a, but only a rough bound 
which implies existence for t < a . 

A second purpose is to show Borel summability of the formal power series in 
small t of NS, when initial Vq and / are analytic. This corresponds to (3 > in 
the norm defined in 11.11 Borel summability implies in particular that the formal 
expansion in powers of t, 

v(x, t) = v n (x) + tvi(x) + ••• 

where Vj can be found algorithmically, is actually Gevrey-1 asymptotic to v. Borel 
summability also implies that ||u m ||oo < mlAoB™, where Ao and Bq are determined 
by v and /. 

Borel summability methods have been used by the authors [19 to prove complex 
sectorial existence of solutions of a rather general class of nonlinear PDEs in C d 

«If the equation is first order in time and order n > 1 in space, then p is dual to t " n 
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for arbitrary d. This is in some sense a generalization of the classical Cauchy- 
Kowalewski theorem to PDEs written as systems that are first order in time and 
higher order in spaca^ 

The main results in this paper are given by the following two theorems. The 
results in the first theorem are similar to classical ones, with || • replacing 
Sobolev norms. 

Theorem 1.1. // ||6o||^+2./3 < °°; M > 3, /3 > 0, NS has a unique solution v(,t) 
such that \\v(-,t)\\^ : i3 < oo for Re-r > a. Here a depends on io through t2.39)) . 

Furthermore, v(-,t) is analytic for Re j > a and \\v(-, i)||/j+2„a < oo for t G 
[0, a -1 ). If > 0, this implies that v is analytic in x with the same analyticity 
width as vq and f . 

Remark 1.2. Sobolev space methods give local existence of solutions in H' n for 
t € [0,T), where T is proportional to l/||fo||ff m ■ In particular, for m > |, 
these solutions are classical solutions (the second derivatives are continuous). The 
result in Theorem \1.1\ is similar, but in a different space. The existence time, 
t = a^ 1 , involves \\vo\\j+fi for j = 0,1,2 (see (2.39\) ). This solution is classical 
since \\v(., t)|| jU +2,/3 < oo for /i > 3 implies v(.,t) € C 2 (M 3 ). 

Remark 1.3. IfvQ has finite suitable Sobolev norms, it was known thatv is analytic 
in t in a region in the right half complex t plane. In our setting, v is analytic in 
{t : Re \ > a} if ||« |U+2,^ < °o- 

Remark 1.4. Previous results |12j show that for space-periodic boundary condi- 
tions, analytic f and vq G H , the solution v(-,t) becomes analytic in space, with 
an analyticity strip improving with time for small time. Moreover, for f = 0, a 
uniform estimate on the analyticity strip width for large time exists under the hy- 
pothesis that the local dissipation i/\\ Vu(., £)|||,2nr3) is bounded [9]. However, we are 
not aware of similar results in M 3 , as is the case in this paper. For > 0, our 
results of Theorem ] 1.1\ show that the analyticity width is preserved for t € [0, ■=■). 

Theorem 1.2. For > (analytic initial data) and /i > 3, the solution v is 
Borel summable in 1/t, i.e. there exists U(x,p), analytic in a neighborhood o/R + , 
exponentially bounded, and analytic in x for |Im x\ < so that 

/•OO 

v(x,t) = v (x) + / U(x,p)e~~ p/t dp 
Jo 

Therefore, in particular, as t — * 0. 

oo 

v(x, t) — v (x) + t m v m {x) 

m=l 

with 

\v m (x)\<m\A Q B™, 
where Aq and Bq depend on vq and f , through 1 3. 55\) . |ff.57] j and 113. 58\) 



(2) A 1 so, Cauchy-Kowalewski theorem usually requires a local expansion in all all independent 
variables. Our methods accommodate series type expansion in just one variable. 
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Remark 1.5. Borel summability and classical Gevrey- asymptotic results [2] imply 
for small t that 

m(t) 

V(x,t) - V (x) - ^ v rn{x)t' 
m— 1 

where m(t) = [Bq 1 ^ 1 \ . Our bounds on Bq are likely suboptimal. Formal argu- 
ments in the recurrence relation of v m +\ in terms of v m , v m -i,...,vi, indicate that 
B only depends on (3, but not on ||£>o 11/^/3- 

Remark 1.6. For f3 > the assumption > 3 is not restrictive if [3 is consistent 
with the analyticity strips of vq and f. This is because (1 + |fc|) M e _ ^' fe ' is bounded 
in k for (5 > 0. 



< A m(t) 1/2 e- m M 



2. Formulation of Navier Stokes equation: Borel transform 
We define w by 

(2.5) v(k,t) = v (k) +ti> 1 (k) +w(k,t) , 
where 

(2.6) Mk) = (-\k\ 2 v - ik.jP k [vojivo]) + /(*) 
From ljl.2|) we get for w 

(2.7) w t + \k\ 2 w = —ikjPk [vqj*w + Wj*i>o + tvijiw + tvjjivi + Wjiw] 

— t\k\ 2 ii\ — ikjtPk [vqj*vi + vijivo + tvij*vi] 
We seek a solution as a Laplace transform 

/>oo 

(2.8) w(k,t)= W(k, P )e- p/t dp 



with the property lim p ^ + W(k,p) — and lim p ^ + pW p (k,p) = 0. The Borel 
transform of (|2.7p . which is the same as the formal inverse-Laplace transform in 
1/t gives in the dual variable p > 0, 

(2.9) 

pWpp + 2W P + \k\ 2 W + ikjPk v ,j*W + Wj*v + Vij*(l * W) + (1 * Wj)*v\ 
+ ikjPkWjtW + \k\ 2 vi + ikjP k [v j*vi + vi t j*Vo + pv\ j*vi] = 0, 

where % denotes Laplace convolution in p 1 followed by Fourier convolution in k. 

Since the equation Vy := [pd 2 +2d p +\k\ 2 ]y — has explicit independent solutions 
in terms of Bessel functions, y — J\(z)j z and y = Y±(z)/z, where z = 2\k\ y/p which 
do not vanish at zero, we formally obtain from (12. 9p by inverting T> the Duhamel 
formulation 

(2.10) W(k,p) = £ 'g(z,z')H^(k,p')dp' , where 

g(z,z') = z'(-J 1 (z)Y 1 (z')+Y 1 (z)J 1 (z')) , z = 2|fc|VP, z' = 2\k\^ , 
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and 

(2.11) = -P k 



Vo,j*W + Wj&va + vi,j*(l * W) + (1 * Wj)*v% 



WjlW 



+ ikjVl — Pk [V0,j*Vl + Vl,j*V + piij*Vi] 



Remark 2.1. \G(z, z')\ is bounded for all real nonnegative z' < z. This follows 
from standard properties of Bessel functions [1]. (The approximate bound is about 
0.6.) 

To obtain stronger results with less regularity of vq , it is convenient to introduce 
U(k,p) by: 

(2.12) W(k,p) = U(k,p) -vi{k) 

Substituting (f2TT2]> into (l2~TTj) . we obtain 



(2.13) H [j] (k,p) = G [3] {k,p)+ik J v 1 , where G [j] 



Pk 



voj*U + Uj*i> + Uj%U 



We can further simplify the integral /„ G(z, z')H^(k,p')dp' by noting that the only 
solution to 

(2.14) Vy = -\k\ 2 v l7 

satisfying y(k, 0) = 0, as it is easy to check, is 



(2.15) 



y(k,p) = -v l (k) 1-2 



where z = 2|fc|y / p, 



where we used the fact that J\{z)/z is a solution to the associated homogeneous 
differential equation and that lim^o Ji(z)/z = 1/2. On the other hand, inversion 
of T> with zero boundary condition at p = involves the same kernel G(z,z'). 
Writing — \k\ 2 i>i = ikj[ikjVi], it follows that 



(2.16) 
Therefore 
(2.17) 



y(k,p) 



ikjir 



mvpJo 



G(z, z') [ikjVi(k)] dp' 



ikjir 



2ky/p J Q 

From (|2"T2l) . ([2~iU|) and (|2T7j) we get 

(2.18) 

U(k,p) 



G(z,z') ik 3 vi(k) — vi(k) (2 ^ ^ 



ikjir 



g(z,z')G^(k,p')dp' + 2v x ^ftjP == M[U}(k,p), 



mvpJo 

where &^(k,p) is given by (|2.13[) . 

We will show that AT is contractive in a suitable space, and hence U = Af[U] has 
a unique solution. The solution satisfies U(0, k) = i)i(k), U and U p are bounded for 
p £ R + and exponentially bounded at 00. Then, W(k,p) — U(k,p) — Vi(k) satisfies 
the integral equation (|2.10[) and hence the differential equation (|2.9|) is satisfied, 
with \\m p ^QpW p {k,p) = 0, lim p ^o W(k,p) = 0, and W and W p are exponentially 
bounded at 00. Thus the Laplace transform w(k.t) — J °° e~ p ^ t W(k,p)dp will 
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indeed satisfy (12. 7p for sufficiently large Re | , and because of the continuity of W 
at p = we have lim t ^ + t) = 0. Thus, 

/■oo />oo 

(2.19) v(k,t)=v Q + tv 1 + e- p/t W(k,p)dp = v + e' p/t U(k,p)dp 



solves the NS equation (|1.2p in the Fourier space, with the given initial condi- 
tion. Furthermore, the sufficiently rapid decay in k of U implies that v(x, t) = 
JF _1 [i)(-, t)](x) is indeed a classical solution to (jl.ip . It is known (See e.g. [10]) that 
classical solutions are unique; thus v is the only solution to Ql.ip . 

2.1. Existence of a solution to (|2.18[) . First, we prove some preliminary lem- 
mas. 

Lemma 2.2. If \\v\\^ t /3 and Hi&ll^ < oo, then we have 

(2-20) \\viw\\^<C \\v\\^\\w\\^ 
where J denotes Fourier convolution, 



/ feGR 3 (1 + \k\Y (/i-l)( M -2)(/i-3) 
Proof. From the definition of || ■ H^^a, we get 

f e -P(\k'\ + \k-k'\) dk t 

- Il^l^^ll^ 1 " X eK3 { i + W \yti + \k-k<\y 

For large |fc|, we break the integral range at |fc'| = \k\/2. In the inner ball \k'\ < 
\k\/2, we have 

1 1 2' 1 
< < 



(i + \k'\y(i + \k- k'\y ~ (i + \k'\Y{\ + \k\/2Y - (1 + \k\Y(l + \k'\Y 

while, in its complement, 

1 1 2^ 
< < 



(1 + \k'\Y(l + \k- k'\Y ~ (1 + |fc|/2)^(l + \k - k'\Y ~ (1 + \k\Y{l + \k - k'\Y 

Using these estimates, we get for // > 3, 

f dk' C 

(2-21) / T, I , il < 



fc , sR3 (l + |fc'|)^(l + |fc-fc'|)^ " 2(l + |fc|)A 



I 

Lemma 2.3. 



Il-Pfe [Wj*v] \\n t p < 2C \\w j \\^p\\v\\^f} 
Proof. It is easily seen from the representation of Pk in (|1.3p that 
(2.22) \P k g(k)\<2\g(k)\ 
Therefore, using (|1.4p . 

||i\$lk<8 < 2|M|^ 
Using Lemma 12.21 with g = WjV, the proof follows. | 
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Lemma 2.4. For C2 = 27rCoSup zgK + o< Z '<z I^( z j z ')I EM with Co as defined in 

Lemma \2.2l 

(2.23) 

I |AW,P)IU < £ {}\U(;P')h,fi *\M;p')\\^ + IKIU,/9||^(-,l»')IU,/j}dj/+||«i|U 1 /J 

(2.24) \\Af[UW}(;p)-Af[U^](;p)\\^ 

<^[{ (\\u {1 \,p')\\^ + \\u [ %,p')\\^) * \\u [1] (;p') - u [2] {;p')\\^ 

+ \\vo\\^\\U ll] (-,P')-U l2] (-,p')\\^}dp> 

Proof. From pQ, \Jx[z)/z\ < 1/2 for z e R+ and therefore 

\\2v x {k)J x {z)lz\\^<\\v x \\^ 

From Lemma 12.31 we have 

\V k {Ujtu} (Ml < 2C \\U(; P )\\ li ,p * \M;p)h,p- { 
Applying Lemma 12.31 we get 



-f3\k\ 



,-0\k\ 



<4C ||fidlU/j||cr(-,p)IU/s 



By RemarkOand the definition of Af in (|2TT5|) . it follows that for C 2 > 2nC \G(z 7 z')\ 
(LT23|) holds. 

The second part of the lemma follows by noting that 

(2.25) ufHum - upturn = fjm* _ m) + {uf ] uf) %m 

Applying Lemma [2~3l to (|2.25[) . we obtain 



V k {uf ] %U^{-,p)~uf ] tU^(-,p)} 



< 2C \\m{;p)\\^ * ||?7 [1I (-,P) - U^{;p)\\^ 

+ 2C \\U^(; P )\\^ * \\U^{ :i p) - m{-,p)\\^, 
from which (|2.24[) follows easily. | 

It is convenient to define a number of different norms for functions of (k,p) on 
M 3 x (R+ U {0}) 

Definition 2.5. For a > 1, we define 

(2-26) ||/||^=sup(l+p 2 )e-^|/(.,p)U 

p>0 

We define A a to be the Banach-space of continuous functions of (k,p) for k 6 K 3 
and p £ [0,oo) for which ||.||^ a ' < 00. It is also convenient to consider the Banach 



( 3 )Since sup of \Q\ rs 0.6, we get C 2 « (^iij^^d-S) 
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space Af of locally integrable (L\ oc ) functions for p g [0,L) o/iK + , and continuous 
in k G R 3 such that 

(2-27) \\f\\[ a) = [ L e-^]\f(;p)\\^dp < oo , 



where L is allowed to be finite or oo. It is also convenient to define A^ to be the 
Banach space of continuous functions of (k,p) on R 3 x [0, L] such that 

(2-28) \\f\\t ] = ™p ||/(-,p)|U /S <oo 

pe[o,L] 

Lemma 2.6. For f,g G A a ,Ai or A^ , we have the following the following Banach 
algebra properties: 

\\fm (a) < M \\f\\ (a) \\9\\ ia \ where M « 3.76- •• 

||/Js||[ a) < ll/ll^llsll^, 

Proof. In the following, we take it(p) = ||/(-,p)|U/3 and v(p) = \\g(-,p)\\^p. We 
observe that 

u(s)v(p - s)ds < e ap ( sup (1 + p 2 )e- ap u{p) J ( sup (1 + p 2 )e _Q,, u(p) ] x 



ds 



(l + S 2 )[l + (p- S )2 



The first part of the lemma follows since [19] 



P ds Mn 



< 



/„ (l + s 2 )[l + (p-s) 2 ] " 1+p 2 
with Mo = 3.76 • • • . For the second part note that 

(2.29) f e- ap [ P u(s)v(p - s)ds 
Jo Jo 

L r-p r-L r-L 

e- as e- a ^-^u(s)v{p-s)ds< e - as u{s)ds e- aT v{r) 
Jo Jo 

The third part follows from the fact that for p £ [0, L] 

\u(s)\\v(p- s)\ < \ sup \u(p)\ > ( sup \v{p)\) L 

o [pe[0,L] J \pG[0,L] / 

I 

Lemma 2.7. On Af, the operator Af, defined in \2. 18\) , satisfies the following 
inegualities, with C2 defined in Lemma \2.4\ 

(2.30) \mU}\\[ a) < C 2 ^«' 1/2 {(ll^ll^) 2 + INMI^IIi" 3 } + «- 1 |NU 

(2.31) \\N[U [1] ] - N[U [2] ]\\[ a) 

< C*yfrcrW {(\\U [1] t ] + \\U l2] \\[ a) ) \\U ll] ~ U l2] \\[ a) + \\io\\,AU [1] ~ t> [2l ||^} 
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while in Af^ , we have 



(2.32) Wp)^ < C2L 1 / 2 \h (\\U\\ { ^) 2 + ||«o|L/»ll#ll£° ) } + INU/3 



(2.33) \\Af[U [1] ] - MiU^Wl^ 



< c 2 l 1/2 [l (\\u [1] \\ { r ] + H^lli" ) - ^ [2] lli oo) + INMI# [1] - u [2] \\ { ™ ] 

Proof. For the space Af, for any L > 0, including L = 00, we note that 



Jo 



while 



J p-V*e-<">dp<v(± 
Furthermore, we note that for u(p') > we have 
(2.34) 

e -ap p -i/2 ^J\(p')dp'^ = u{p')e' ap ' (^J p-^e'^-P'Upj dp' 

< / e~ ap 'u{p') / s- 1/2 e- as dsdp' 
Jo Jo 



Therefore, it follows from (|2.23p that 
(2.35) 

e- a P\\N[U](;p)\\^dp < C^a- 1 ' 2 (\^\\(j\\[ a) ] 2 + hoh.AU^+a- 1 ^ 
Furthermore, from (|2.24|) , it follows that 



\\N[U [1] ]-N[U [2] ]\\^e- ap dp 

< C 2 V^a-^ 2 {(||L> [1] ||1 Q) + ||t> [2] ||i Q) ) ||L> [1] - C> [2] ||i Q) 

+ ||«o||^||L> [11 -?7 [2l ||^ ) } 

Hence the first part of the lemma follows. 

For the second part, we first note that for any p € [0, L] we have 



(2.36) 

We note that 

(2.37) 

Taking 



p~ 1/2 / u(p')dp' 



< sup \u(p)\vL 

pe[o.L] 



yi(s)y 2 (p - s)ds 



< L sup \yi(p)\ sup \y 2 {p)\ 

\pe[0,L] / \p€[0,L] 



<P) = \\U(; p)\\n,p * \\U(;P)\\^ + \\vo\\„,0\M;P)\\^0 

2/1 (fO = 2/2 (P) = \\U(;p)\\»,/3 
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(123211 follows from (gUgj) . To bound JV[[/W] - A/"[lA 2 ]] in Af, we take 

(2.38) u(p) = (||t>W(-,p)IU,/3 + II^ [2] (-,p)IU) * l|£> [11 (-,P) ~ # M (-,p)IU/J 

+ ||«o||^||?7 [11 (-,p)-^ [2l (-,P)ll^ 

yi(p) = (||c>W(.,p)|U + II^ [2] (-,p)IU) ; V2(p) = " ^ [2] (-,P)ll^ 

in (|2~36]) and (j2~37r) . The proof now follows from (|2~24| . | 

Lemma 2.8. Equation &2.18]) has a unique solution in A" for any L > (including 
L = oo) in a ball of size 2a -1 ||-£i|| M , / 3, for a large enough to ensure 

(2.39) 2C 2 V^a- 1/2 (||« |L/3 + 2a~ 1 \\v 1 \\^) < 1, 

where C? fts -, — 32 w' 2 ^w 2 — ?r is the same as in Lemma\2.J\ Furthermore, this solu- 
iion belongs to Af for L small enough so that 

(2-40) 2C2L 1 / 2 (INL/3 + 2£||«i|U )/3 ) < 1, 

In particular, \im p —,o U(k,p) — vi(k). Also, W(k,p) — U(k,p)—Vi(k) is the unique 
solution to 12. 9\) which is zero at p = 0. 



Proof. The estimates of Lemma l2~7l imply that Af maps a ball of size 2a -1 ||?;i|| Atj( 3 
in A" back to itself and that JV is contractive in that ball when a satisfies (|2.39[) . 
From Lemma [2.71 in space A™, it follows that Af maps a ball of size 2||?;i|| /1)/ g to 
itself and that Af is also contractive in this ball if L is small enough to ensure (|2.40[) . 
Thus, there is a unique solution in this ball. Since Af C Af, it follows that the 
solutions are in fact the same. 

Using Lemma \2~7\ with = U and = 0, we obtain from Ip38|l . 



fj{k,p)-v l {k) 2 -^ <C 2 L^[l \\U\\W ' + \\vo\\,A\U\ 



z 



(00) 



2 



,(oo) 
L 



Since ||^||^ >0 ' ) < 2||£>i|| M . / 3, it follows that as L — > 0, 

\\U(k,p)-2v 1 (k)J 1 (z)/z\\ ( L ° o) ^0 

Since lim 2 ^o 2 J\{z)/z = 1, it follows that for fixed k, lmip^oU(k,p) — v±(k). By 
construction, U satisfies (|2.18|) iff W — U — v\ satisfies f)2 . 10[) . From the properties 
of Q and it follows that W will indeed satisfy (|2.9|) and that it is the only 

solution which is zero at p = 0. | 



Proposition 2.9. If a is large enough so that 12. 39\) holds, then for an absolute 
constant C3 > 0, the solution U(k,p) in Lemma \2.8\ and its p-derivative satisfy 

2e-P\ k \ +ap \\vi I a 

^ s (i + | t 'i)""" e 

fe( t , ril <^|fM{f W e- + W 
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\U(k,p)\ < sup (1 + p 2 )e-( Q '- Q )f ^ 2W1 l ^WK i 



(l+p 2 )(l + |A:|)^ 



Proof. With L = L = a -1 , then (f2T40|) holds, and therefore U € Af Q . For 
p € [0, L ], we obtain 

(2-41) < 2e-^\\v x \\^ 

We now consider p € [Lq, oo). We define 

y(p) - ll^(-,p)IU/s * \M;p)\U,e + \M\*p\\u(;p)\\»,fi 

We note that 



(2.42) 



-^e-°* / //(//la'// 



< L 



-1/2 



- * J/(p')dp' 



<« 1/2 || y ||l Q) 



From ([2~T8]) and (|2~39| . it follows that for p£ [L , oo) 
(2.43) 



\U(k,p)\ < 



-0\k\+ap 



(1 



C 2 a 1/2 (||C>||l a) ) 2 + C 2 a 1 / 2 ||«o||^ll^lli Q) + e -Q!p INU/3 



< 



2g-/3|fc|+ap 



By {231}, ([233) llolds for P e [°i A)] as well; hence the bound for \U\ follows. For 
a' > a, ||f7|| (Q,) < oo because e -( a '- a ^(l + p 2 ) is bounded if a' > a. 

Since U is a solution to (|2.18|) , differentiation with respect to p implies that 



U p (k,p) = wi(fc) 



Ji(z)\'4|fc| 2 ikjir f 



P Jo 



G{z,z') 



G [l] (k,p')alp' 



Since the functions Q z (z, z'), Q(z, z')/z and z^ 1 (Ji(z)/z)' are easily checked to be 
bounded for z > z 1 E M + , there exists C3 > 0, independent of any parameter, so 
that 



\U P (k, P )\ < 



CM 



< 



C 3 |A:|e 



-p\k\ 



{i + \k\y 



1 

P Jo 



V 



\G\{k,p')\dp' + C 3 \k\ 2 \vi{k) 
(\\U(;p')\l, * \\U(; P ')\\^ + INUII^-.POIM dp' + |A|||«i|U,/3 
For p £ [0, Lq], with L = L = — satisfying (|2.40[) . we have 



\U P (k,p)\ < 



C 3 \k\e 



-;3\k\ 



(1 



L 



o(j\u\\W)\\\ih\M\Mi? 

C 3 e-^ 



\k\\\vi\ 



H,0 



< 



(l + |fc|)" V^2 
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For p £ [Lq,oo) and a satisfying (|2.39|) . we have 



\U p (k,p)\ < 



C 3 \k\e 



-P\k\+ap 



\\U\\[ a) ) +\\f*\,M\U\\\ n) } / ■ ""lh||,,.- 



< 



(i + \k\y 



\k\e ap + \k\' 



Continuity of U in p follows from the boundedness of U p for p £ R + for fixed k. 
I 



Lemma 2.10. Lei ||wolU+2,/3 < 00 arl ^ l|/IU,/3 < °°> w ^ M > 3, /? > 0. TTien -/V5 
/ias a unique solution with \\v(-, t)||^,/3 < 00 anc? analytic in t for Rc-j > a, 

where a depends on the initial data (see \2.S9)) ). For (3 > ; i/iis implies v is 
analytic in x in the same analyticity strip as vq, f . 

Proof. From (|2.6|) we see that ||'0i|| jLlll a < 00, since 

(2.44) H-OxH^ < + 2C ||flo|| M ,/j||flo||/H-i,/J + ll/IL/s 



Therefore, when a is large enough to ensure (|2.39[1 . it follows that U(k,-) and 
W(k,.) = U(k-,.) - t)i(fe) are in iMeT^dp). From Lemma EOH it follows that 
lim p ^o ^(fe)?) = an( i Proposition 12.91 implies W p (k,p) (same as U p (k,p)) is 
bounded for p £ K + and hence lim p _ >0 + fWp = 0. Since U satisfies ()2.18j) . it follows 
that W will satisfy (|2.10|) and hence (|2.9p . For Rei -1 > a, we take the Laplace 
transform of (|2.9[) in p, using the fact d p [pW] and pW vanish at p = 0. There is 

no contribution at 00 because of boundedness of e~ ap (\W\ + Wp) which follows 

from Proposition ^. 91 It can be checked that w(k,t) = W(k,p)e~ p ^dp satisfies 
(j2~7|) . Therefore, 

v(k,t) =v +ti)i+ / W(k,p)e~ p/t dp = v + U{k,p) e - p/t dp 
Jo Jo 

satisfies NS in Fourier space. Since ||C^(-,p)||/j,/3 < 00, it follows that \\v(-, fyW^p < 
00 if Re j > a. | 



Proposition 2.11 (Bounds on ||w(., t)|| M +2,/3)- For the solution v(k,t) given in 
Lemma \2.1(A for t £ [0, a -1 ], we have 

SUp 1 1 v(-,t) WfM+2,0 < C (\\vo\\t^2,p,T) < 00 
t<T 

Proof. We note from (|1.2p that if we define V — Vi>, then V = F[V] = ikv satisfies, 



(2.45) 



V t + \k\ 2 V 



-ikV 



VjivW}] +ikf , %(k) = F[Vv ] 



where V^' — ikji)j. Therefore, 



(2.46) V{k,t) = e-l fc l 2 *Vb(fc) -ik j e -l fc l 2(t - r ) fyivW (ft, r)} -/(*)} 
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Therefore, 



(2.47) |y(., t )|<^-^ hVoW^- 



\k\ 



t 

e~ 



|fe|2(t - r) (||/lU/3 + 2Cb||«(-,r)|| / ,, /3 ||||y(-,r)||„ l/J ) dr 



Let Vti be the Banach space of continuous functions g of k £ K 3 and t € [0, 7j] for 
which 

llsllri = sup HffO,*)!!^ < oo 

t€[0,Ti] 

Then, the estimates in (|2. 471) , together with the fact that for any t £ [0, T], 

2Cb||u(-,*)|| /ll /9 < C(T, \\v \\ M+ 2,p) imply there exists C%(T, ||«o|U+2,/3) > so that 

(2.48) \\V\\ Tl < Ci { VlTHVillr, + ll^olL/3 + V^II/IU} , 

where we have used the fact that 

|fc| fe-^^dr = ~~~TTT~~~~ < VT\ sup < C,v/7\, 

JO Fl 7 6K+ 7 Vi 

for some C* > 0. Thus, thinking of v as given in (I2.45[) . the estimates in (|2.48|) and 
similar estimates on — show that for C\ s/T\ < 1 the right hand side of (|2.45|) 
is contractive in Vti- We choose T\ < T. Therefore, sup ie r 0iT i ||V"(-, i)||/i,/3 < oo. 
Since the choice of 7\ depends on C±, which is independent of ||Vo|L «, we can 
repeat the same argument in another interval [T l5 27\] and so on until we span the 
whole interval [0, T] over which ||ui(-, t)||/j,/3 is uniformly bounded. 

We can take additional derivative and repeat the same type argument for T[D 2 v] = 
—kkv to show that in || |fc| 2 £>(-, is also bounded uniformly for t £ [0, T]. In 
this part of the argument, we use the prior knowledge that both \\v(', t)]]^ and 
||ft#(-,t)|| Mi/ 3 are uniformly bounded in [0, T] and that 

\k\ 2 A- |fe|2( *- T) ||/IU,^r=||/||^(l-e-l fe l 2 *) < 11/11^ sup [1-e^] < C\\f\\^ 

JO v ' 7SR+ 

Combining all the results, it follows that ||£>(-, t)\\^ +2 ,/3 is bounded for t £ [0, T] | 

Proof of Theorem 11.11 This follows from Lemma 12.101 and Proposition I2.11[ 
noting that ||«(fc,t)||^+2,/3 < oo implies v(x,t) = J r_1 [w(-, t)](x) £ C 2 (M 3 ) and so v 
is a classical solution to (jl.lj) for Re 4- > a, which is known to be unique. From the 

definition of || • it follows that Hwoll^+2,/3 < °° aim II/IU./3 < 00 f° r /5 > imply 
\\v(.) i)||^+2,/3 < oo- Thus v preserves the analyticity strip width for t £ [0, — ). 



3. Analyticity of U(k,p) at p = 

We now consider the case (3 > .We note that by Remark 11.61 we can choose 
H > 3. The starting point of this section is (|2.9|) . which is satisfied by W(k,p) = 



14 



O. COSTIN & S. TANVEER 



U(k,p) — vi(k). From Lemma l2.8[ this is the only solution to (12. 9ft satisfying 
W(k, 0) = 0. We seek an potentially alternate solution to (12. 9|) as a power series, 

oo 

(3.49) W(k,p) = ^W [l] (k)p l 

i=i 

Substituting (|3.49[) into (|2.9[) and identifying the coefficients of p l , I = 0, 1 we get 

(3.50) 2W [1] = -|fc| 2 £'i - ikjP k [v ,j*Vi + v hj *v ] , 

(3.51) 6W [2] = -k 2 W [1] - ikjPk \v^*W [1] + W^hvo + vi tj *Vi 
It follows from (|3.50[) and Lemma (|2.3[) that 

— /3|fc| 

(3.52) \wW(k,p)\ < 2(1 + | fc | )M {\k\^v4^+4C \k\\\v \\»Avi\Le) 

The coefficient of p l for I > 2 in (|2.9[) can be computed as well, using p' 1 * p l2 = 
ph+h+i^iy/fa +l 2 + 1)1. Interpreting W [0] = 0, we get 



(3.53) 

,"1-2 

(I + + 2)VK [(+11 = -k 2 W [l] - ikjPi ' 



Ui=i 



ikjPk 



v Q i*w [l] + wf ] ii, Q + -V! aw [1 - 1] + -wf 1] i Vl 
i l 3 



Definition 3.1. 7i is convenient to define the n-th order polynomial Q n : 

n j 
3=0 ■'' 

Lemma 3.2. If ||uo||/i+2„9 < °°> f or I 1 > 3, [3 > 0, £/ien £/iere ea;ist positive 
constants Aq, Bo > independent of I and k so that for any I > 1 we have 

(3.54) |^W(fc)| < e-MAaBfo + |fc|)^^» 

and 

8wA (m) 1 lri „, m ,_v ^ 8^^(430)' lnJn , m ,.„ < 16^o(4B )' 



[;] 8^(4B )' ^ 2vkW(x)| 

1 W| - (2Z + 1) 2 [>l - (3(2l + iy ,l {>l - /? 2 (2Z + 1) 2 

Furthermore, the solution in Lemma \2.8l §2 has a convergent series representation 
inp: U(k,p) = Ui(fc) + ^/=i for \p\ < (4S )^ 1 . 

Remark 3.3. Lemma \3.2\ is proved by induction on I. For I = 1, by \3. 52\) we just 
choose 

1 8 

(3-55) A a B Q > ^INLMl + ZJCoIMM 

Let now I > 2. For £/ie induction step, we will estimate each term on the right of 



num . 

Lemma 3.4. If for I > 1, satisfies (3~5j\ ), then 

\k\ 2 \W^\ < 6A B l e-^ Q 2l+2 ((i\k\) 



(l+l){l + 2) ~ 2 (l + \k\)» (2Z + 3) 2 
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Proof. The proof simply follows from the (13.541) and rioting that for y > 



IT 



(2Z + 2)(2Z + 1) 



(21 + 3) 2 

Q«(») < <Wi/) , (2i + 1)(i + 2) <3 



I 



Lemma 3.5. IfW® satisfies $3.54\ ), then for I > 1, 



1 



(Z + l)(Z + 2)' •' 
1 



Ifcj-i^fiojiW 1 ' 1 ! <2^||«o|| M ,/3 



/3 3 (2Z + 3) 2 (1 + 



Qa+aGSIfcl) 



Proof. We use the estimate Q3.54p on W™. From Lemma [6771 for n = 0, we obtain 



rU],S. I ^ II.. ,1 . 



(2Z + l) 2 



|A:| 



-0(\k'\+\k-k'\) s 



< 



(2/ + 1) 2 ^ m! 

v ' m=0 



2; 

E 



i2/-r 



■1*1 



fe'eR 3 



e -/3(|fc'| + |fe-fc'l)( 1 + | fc '|)-P( 1 + | fc _ fc '))-P| / ! c '|2m dfc / 



< 



2 7 r|| t ;o|| A1 , ;3 Ao^2^e-^l fc l 
(2Z + l) 2 /3 3 (l + |fc|)^ 



< 



2^ +1 7r 



J22 2l - m (m + 2)Q m+2 (P\k\) 

\\v \\^AoB l e- f ^(l + 2)Q 2l+2 (p\k\) 



(2Z + 1)03(1 + 

The first part of the lemma follows by using (|1.4p and checking that ( 2 1+i)"(;+i) 
for Z > 1. The proof of the second part is essentially the same since 

I 



< 9 



Lemma 3.6. IfW [l ~ 1] satisfies pH^ ) for any I > 2, then 



1 



\kjP k 



Z(Z+l)(Z + 2)' J 

1 



< 2"||ui|| M ^97r^ Bo( 1 +l*l)~ Me 



- m QMk\) 
/3 3 (Z + 2)(2Z + 1) 2 



Z(Z + !)(/ + 2)' 



Proof. The proof is identical to that of Lemma 13.51 with I replaced by I — 1 and vq 
by v±. | 



Lemma 3.7. ///or Z > 3 ; and W^ 1 - 1 ^ for Zi = 1, (Z - 2) safe/j/ {Egg ), 



(Z + l)(Z + 2) 
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Proof. First note that if we define I2 = Z — 1 — h, then for I > 3, Lemma 1631 implies 



k 3 W } *W <A Q B u{2h + l) 2 {2l2 + 1) 2 



l\ 



\k\ / e^l fc 'l+l fe - fe 'D(l + |fe'|)-"(l + \k- k'))-^Q 2h (P\k'\)Q2iMk ~ k'\)dk' 

2^nAlB l - 1 e~^\ (21 - 1)(2Z)(2Z + l)W 

3/3 3 (l + |fc|)^ «(2ii + l) a (2Z 3 + 2) 2 ^ 2l[m> 

Therefore, 

2^+ 2 TTe-^Q 2l (P\k\)(2l~l)(2l + l) ^ hM 

3(1 + 1)(Z + 2)/? 3 (l + \k\Y 2-/ (I - l)!(2/ x + 1) 2 (2Z 2 + l) 2 

and the proof follows noting that -^rfyr = n~j~oi < 1 an d checking ^^^j^^y- < 
16; by breaking up the sum in the ranges: l\ < (I — l)/2 and Zi > (Z — l)/2 (in 
which l 2 < (Z — l)/2) it is easily seen that for some C* > and any I > 3 we have 

El c* 
, (2Z 1 + 1) 2 (2Z 2 + 1) 2 " (2Z + 3) 2 ' 
'1— 1 

where C* = 1.07555 • • • (the upper-bound being achieved at I — 4). | 



Lemma 3.8. 

(3.56) |W l J | < (1 + |fc|)At — - 2 — (^-^- + AoBoWvoW^—jp- + IMI^ 
and therefore satisfies \3.5J$ if 

(*vf\ 4r2^3AoBo 2^36tt C 0|| ||2 

(3.57) A B > — 33— + ^o-BolluolU^-^a— + y IMU/3 



Proof. We use Lemmas 13.41 13.51 and 12.21 to estimate different terms on the right 
hand side of (|3~53l) for I = 1. | 

Proof of Lemma [3T2l 

We use Lemmas l3.4[|3.5l3.6l and l3~71 to estimates the terms on the right hand side 
of (|3.53[) and note that Q2i(y) < jQ2i+2(y)- Hence, combining all the estimates, 
we obtain for I > 2, 



(2l + 3f(l + \k\y 



6 18tt 2^18tt(2Z + 3) 2 , 9A Q 2» 

j 2 B + 2 — Bo \\v \\,,p + 2)(2| + 1)2/?3 + 

4 Ri + l„-/3|fc 

£ iq#W ' iw0i| ' 11 
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for large enough Bq so that 

(3-58) { ^B + 2^B \\ V0 \\^ + + ^} < Bl 

Combining (|3.58[) with (|3 . 55[) and (I3.57p . we that (|3 . 54[) is satisfied for any I > 1. 
Therefore, it follows that X^i (k)p l is convergent for \p\ < The recurrence 

relations (|3.50|) . (|3.5ip and (|3.53[) imply that YaZi W^(k)p l is indeed a solution to 
(|2.9|) . which is zero at p = 0. However, from §2 Lemma l2~8l we know that there is a 
unique W = U(k,p) — v\{k) with this property in A^, which for sufficiently small 
L includes analytic functions at the origin. Therefore 

oo 

U(k,p) = v 1 (fc) + (k)p l 
i=i 

Moreover, from the well-known relation between a function and its Fourier trans- 
form, ||/||l°°(r 3 ) < II/IIl^r 3 ! the inequalities involving ^^(a;) and its ir-derivatives 
follow. 



4. Estimates on d l p W(k,p) and proof of Theorem 11.21 

In this section, we find inductively (in I) that := d l p W/l\ exists for any I 
and generate power series (|4.72p with p — independent radius of convergence. 
This does not necessarily imply in itself that the series converges to W . The fact 
that these objects do coincide locally will be shown in Lemma [4.131 This leads to 
proof of Theorem 11.21 



Definition 4.1. It is convenient to define for I > 1, 

It is also convenient to define W^°\k,p) = W(k,p) = U(k,p) — v\{k). 

The proof therefore reduces to finding appropriate bounds on W^(k,p). The 
main result proved in this section is the Lemma 14. 2\ which, using Lemma I4.13[ 
leads directly to the proof of Theorem 11.21 

Proposition 12.91 implies that U £ A a for a 1 > a, with a chosen large enough to 
satisfy (|2.39p . In particular, if we choose a' = a + 1, it follows that W [0] (k,p) = 
U(k,p) — Vk{k) satisfies 

(4 59) llWfc p)| < ^ m+a ' P \\^ 

In the rest of this section, with some abuse of notation, we will replace a 1 by a. 

Lemma 4.2. // Hwollju+2,/3 < °°; A 1 > 3, there exists positive constants A, B inde- 
pendent of I, k and p so that for any I > 

(4 60) m\k p)\ < e ° Pe ' m AB< Q " m) 

[ ' 1 {,P)l -(l+p 2 )(l + \k\y (2l + l) 2 

The series {4- converges uniformly for any pv>Q for \p — po | < ^ . 
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Remark 4.3. The proof requires some further lemmas. We will use induction on 
I. Clearly, from \4--59\j , the conclusion is valid for I = 0, when 

(4-61) A = 3||«i|| |tl/3 

We assume for I > and then establish it for I + 1 . We obtain a 

relation for W^ +1 ^ (k, .) for any k € R 3 in terms of W^' (k, .) for j < I. 

Taking d l p in (|2.9[) and dividing by i!, we obtain 
(4.62) pd$W® + (l + 2)d p W® + \k\ 2 W [l] = 



recurrence 



-ikjPk 



W 



i i*W w + v *w] l] + -vi i*W [l - 1] + -vi*wf 11 + «i i*vi5 t i 



= r(0. 



- ifcjPfc [woji^i + Vi,j*Vo] $i,o = R '(k,p) 

Lemma 4.4. For any I > ; for some absolute constant Cq > 0, if W^(k,p) 
satisfies and is bounded at p — ; then W^ l+1 ^(k,p) is bounded in terms of 

R^(k,p), defined in UMj) : 

(/ + l) 5 / 3 p/ e[0 ,p] (/ + l)(i + 2) 

Proof. We invert the operator on the left hand side of (14.62[) . With the requirement 
that W™ is bounded at p = 0, we obtain 



(4.63) W [l] (k, P ) = j Q(z{p),2\k\^^BS l \k,p')dp' 

+ 2 {l+1 \l + l)\W ll] (k,0) Jl ^^ , where z = 2\k\y/p 

and 

(4.64) Q(z,z') = 7rz-( ;+1 ) [-J i+1 (z)z' ( ' +1) y ;+1 (z') + ^ +1) Ji + i(^')^ + iW 
On taking the first derivative with respect to p, we obtain 

(4.65) (l + l)W [l+1] (k,p) 

= ^[ P Qz ( 2 l fc IVP> 2|fe|V?) R {l) (k,p')d P ' 2 l + 2 (l + l)!|fc|2^±aM^W(fc,0) 
Using again the properties of Bessel functions PQ we get 



(4.66) 

-Q z (z,z') = - 
z z 



~ J; +2 (z) + + y y i+2 (z) 

— 7-5— z Yi + i(z)~z Jl+l[Z ) , 
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It is also known pQ that 



2 L+I {l + l)\ 



Jl+2(z) 



yl + 2 



< 



1 



(1 + 2) 



Using (|4.66[) and the known uniform asymptotics of Bessel functions for large / pQ , 
it is easily to see that C* independent of I so that 



It follows that 
(4.67) 

(l + l)\W [l+1] {k lP )\ < sup \R {l \k,p')\ 

p'£[0,p] 

Therefore, it follows that 



^\Q z ( z , z >)\dz' + ^^\wM(kM 



(4.68) 
I 



W [l+1] (k,p) 



[l + l) 5/ Vg[o,p] (/ + !)(/ + 2) 



Remark 4.5. We now find bounds on the different terms in PS^{k,p). 
Lemma 4.6. IfW® satisfies ^JUj) , forl>0 then 

\yp(~ jwWWnrii (I + i) 2 / 3 AB l e -^+^Q 2l+2 (p\k\) 

p ^[l] r WrMI~ll (l + l) 2/3 AB l e-^+<*PQ 2l+2 ([3\k\) 
\kjP k (Wj *voj)\< dlKB^ (2Z + 1)(1 + , fc | )M(1+pa) 

Proof. We use (|4.60p . From Lemma P6 . 101 wc obtain 



< -f- 1) 2/3 ||-£>oIU,/3- 



-0{\k'\+\u-k'\) 

( i + | fc1 ).[i + i^^ Q2 ' (/3|fc/|)rffc/ 

rQ«+ 2 G9|*|) 



(2Z + 1) (l + |fc|)" 

The first part of the Lemma follows. The proof of the second part is essentially the 
same since \wf\ < \W®\. I 

Lemma 4.7. IfW^ satisfies for I > 1, then 



i-i 



-p\k\ +ap lV*Q 2l (p\k\) 



{l+p 2 ){l + \k\Y 1(21-1) 
AB 1 - 1 



- m+ap lVSQ 2l {p\ k \) 



(l+J3 2 )(l + |fc|)^ 1(21-1) 



Proof. The proof is identical to Lemma 14.61 replacing I by I — 1 and vq by V\. | 
Lemma 4.8. IfW® satisfies UJUj) , then for I > 1, 



W^{-,0)iW^(;p) 



(l + l) 2 / 3 A 2 B l - 1 e-^+ a PQ 2l {/3\k\) 
Z(2/-l)(l + |fc|)/ 1 (l+p 2 ) 
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Proof. Noting that 



and 



\W [0] {k, P )\ < A 
\W [l - 1] (k,0) < 



-/3\k\-\-ap 



(i + \k\y(i+p*) 
,1-1 



{ 2i-mi + \n? AB Q2l - 2[m) 

the rest of the proof is very similar to the proof of Lemma 14.61 | 



Lemma 4.9. If and W^ 1 -^ for h = 1, ..(I - 2) for I > 2 satisfy 

then 



kjPk 



1-2 



E il!(z " / |" Zl)! ^l lll (-.o)^ [, " 1 " lll (-.p) 



2! 

Ui=l 

< C^ 1+1 ttA 2 B 1 - 1 



o —0\k\+ap 



lQMk\) 



3/3 3 (l+p 2 )(l + |fc|)-M (2Z + 3) s 



; where C 8 = 82 



Proof. First note that if we define Z 2 = I — 1 — h, then for I > 2, using Lemma 
we get 



^i|^j«(.,0)i^M(. | p)|< (l+ ^ ) 



2 dJ-1 



4B 



/i!/ 2 ! 



x \k\ 



Z!(2Z! + 1) 2 (2Z 2 + l) 2 
m'\+\k-k'\) {l + | fc '|)-^(i + | fc _ fcOJ-^Qa^ltf |)Q 2Ia (/?|fc - fc'|)dfc' 

z 1 !Z 2 i(2Z)(2Z - 1)(2Z + 1) 



< 



3/3 3 (l +p 2 )(l + \k\)» «(2Zi + 1) 2 (2Z 2 + l) 2 



Therefore 
2-2 

1 



E^|^ [l,| (.;0)*P(, P )| 



2^ 2 ^e-^ fc l +a PQ 2i (/3|fc|) ^ Z 1 !Z 2 !(2Q(2Z + 1)(2Z - 1) 
" p 3 {l + \k\y{l+p 2 ) ^ Z!(2Zi + 1) 2 (2Z 2 + l) 2 

ll=l 

We claim that for I > 2, with h > 1, l 2 = I - h - 1 > 1, 
yi Z!!Z 2 !(2Z)(2Z - 1)(2Z + 1) < Cd 



Z!(Z - 1)(2Z! + 1) 2 (2Z 2 + l) 2 " (2Z + 3) 2 



for some Cs independent of I; Cg, is bounded by 82. 

Proving the above bound only requires consideration for sufficiently large /. We 
will therefore assume I > 5. Further, consider summation terms other than l\ = 1 
and 1% = 1. So, we may assume Zi , Z 2 > 2. Then, we claim that 



(4.69) 



Z!!Z 2 !2Z(2Z + 1)(2Z — 1) ( (l x - 2)!(/ 2 - 2)!\ / h(h - l)l 2 (l 2 - 1) 



Z!(2Z X + 1) 2 (2Z 2 + l) 2 



(1-5)1 



(2Zi + 1) 2 (2Z 2 + 2) s 



2/(2Z - 1)(2/ + 1) 



1(1 - 1)(Z - 2)(l - 3)(Z - 4)7 " (21 + 3) 



< 



12 
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This follows since the first two parenthesis term on the right of ()4.69[) is clearly 
bounded, while the last term is a cubic in / divided by fifth order polynomial, and 
simple estimates give the upperbound of 12. Therefore, for I > 5, 

g hihmu + i)(2i - 1) < l2 (/ - 4) 



U=2 



/!(2Zx + 1) 2 (2Z 2 + l) 2 



(2Z + 3) 2 



For l\ = 1 or I2 = 1, clearly 

h\l 2 \2l(2l + l)(2l -1) (I- 2)121(21 + l)(2l - 1) 21(21 + 1)(2Z - 1) 



n(2Z 1 + l) 2 (2/ 2 + l) 2 
I 



9/1(2/ -3) 2 



< 82- 



/ 



9/(/-l)(22-3) 2 " (2/ + 3) 



Lemma 4.10. IfW® satisfies [folfy , then for I > 0, 

k i( 1 -^) l P W?K;p-s)WW(.;s)ds 

<d(l + l) 2 ^A 2 B l 
Proof. We note that Lemma 16.101 implies 



Wf ] (k',p - s)W [0] (k - k'; s)dsdk / < 

r e -0\k'\-f)\k-k'\ 

l k , m3 (i + \k'\y(i + \k-k>)» 



e~m+« P Q 2l+2 ( m) 

(l+pZ)(l + \k\)»{2l + l) 
A 2 B l e ap 



x\k'\ 



(l+p 2 )(2/ + l) 2 
Q 2 i(Pk')dk' 



1)2/3^2^-^1 

- (2/ + l)(l+p2)(i + | fc |)^ 2 '+2(/3|fc|) 



Lemma 4.11. 



kj I 1 - 



fc(fc • .) 



%(1 



(-Oojiui + Vl,j*Vo) 

k(k ■ 



< 4C |fc| 



-m 



< 2C \k\ 



(1 



(1 + 1*1)" 
e -0l*l 



NL/3IHU/3 



Proof. This follows simply from the observation that 
k(k ■ 



k 3 [ 1 



|fc|s 



< 2|fc|||wi|| M ,0||w O |U,/3 



-/3|fc'|-/3|fc-fc'| 



(i + \k'\y(i + \k-k'\y 



dk' 



and using (|2.2ip to bound the convolution. Other parts of the Lemma follow 
similarly. | 



Lemma 4.12. 

with 
(4.70) 



e -PW+ap 



2C 

AB> ( 2d||« |U, /3 A + C 1 A 2 + — -||«d|| Ml /j||«i|U 1 /s 
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Proof. Combining Lemmas 14.61 14.101 and |4~TT1 with (|4.68|) for I = 0, we obtain 

p — 0\k\+ap I 2C 

\WM(;p)\ < ^_^ T _ ^Q 2 (/3|fc|)( 2C 1 || Wo ||^+CiA 2 +^|| ? )o||^||t)ilU, /3 

p-p\k\+up 



Proof of Lemma 14.21 

From Lemmas l4.6M.10l and 14. ill (the latter is only needed for I — 1), it follows 
that (cf. (14601) ) satisfies 

-/3\k\+ap 

^ * ^ 1 ( 2 / + 3) 2 (l +p2 )(l + | fc |)^ ^ (/3|fc|) 

(Z + 1) 2 / 3 (2Z + 3) 2 AC 1 (l + l) 2 ^(2l + 3) 3 82 2^ +1 7rA/ 2Ci||i) 1 || M , /9 (2i + 3) 3 
(21 + 1) + 41(21-1) + 12/3 3 + 4ZV3(2/-l) 

2C (Z + l) 2 / 3 (2l + 3) 2 ||i) |U /3 25C 2 _ Q 2 
+ (27TT) + — (l+p)e l^t.A 

Noting that e~ a P(l + p 2 ) < 1 and 

e ap' e ap 



ABd 



sup 



P 'eTo,p] 1 + p' 2 1 + P 2 

for a > 1, it follows from Lemma 14^41 and the above bounds that (|4.60[) holds when 
I is replaced by I + 1, provided B is chosen large enough to satisfy (|4.70p and 



(4.71) 

C 6 



, D _ (2Z + 3) 2 ACi(2/ + 3) 3 , (82)2^ +1 ^4Z 2Ci||t)i|| M , / 3(2Z + 3) s 
j4i>Gi- 



(Z + 1)(2Z + 1) 4/(Z + 1)(2Z - 1) 12/3 3 (Z + I) 5 / 3 4ZV3(Z + 1)6/3(21 - 1) 



2C (2Z + 3) 2 ||t) |U , 25C , _ Q 2 
(Z + 1)(2Z + 1) + ^ (1+P )e INUA 1 



100s 2 



for any I > 1, with A given by (|4.61|) . From the asymptotic behavior of the left hand 
side of ()4.71j) as I — ► 00 and recalling that constants Co, Ci and Ce are independent 
of Z, it follows that B can be chosen independent of I. Therefore, by induction, 
(]4.60p follows for all I. The proof of Lemma [4~2l is complete. 

From ([4601 . after noting that that Q2i(l<?l) < 4'e~l 9 l/ 2 , it follows that 

OO 

(4.72) W(k,p; Po ) = £ W^(k,p )(p- Po ) 1 := Wx{k,p) 

1=0 

is convergent for \p— po\ < for B independent of po £ M + . The following Lemma 
shows that W(k,p;po) is indeed the local representation of the solution W(k,p) to 



Lemma 4.13. The unique solution to \2. 9\) satisfying W(k,0) — 0, given by 
W(k,p) — U(k,p) — V\(k), where U(k,p) is determined in $2 in Lemma [2~R has the 
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local representation W(k,p;po) in a neighborhood of po G K + . Therefore, W(k, .) 
(and therefore U(k, .) j is analytic in R + U {0}. 

Proof. First, by permanence of relations (for analyticity of convolutions, see e.g., 
[5]), it follows that if V is an analytic solution of an equation of the form (|2.9p on 
an interval [0, L] and V has analytic continuation on [0, L'] with V > L, then the 
equation is automatically satisfied in the larger interval. Therefore, if we analyti- 
cally continue W to R + , the analytic continuation will automatically satisfy (|2.9|) 
and will therefore be the same as W(k,p). 

From §3, Lemma l3"T2l we know that the actual solution to (|2.9p satisfying W(k, 0) = 
0, is unique, and given by 

W(k,p) = W(k,p;0) 

for \p\ < (4B)- 1 . 

We now choose a sequence of {po,j}JLoi w i tn Po,j — j/(&B) and define the 
intervals lj — (poj — l/(4B),p ,j + 1/(4-8))- Consider the sequence of analytic 
functions < W(k,p;p 0i j) > . Since po,i € lo flli, it follows from (|4.72[) that 

Vy(fc,p) has analytic continuation to T\, namely W(k,p;po t \). Again po,2 G 2^1 H^. 
Hence ^(/Cjpjpo^) provides analytic continuation of VF(fc,p) to the interval I2. We 
can continue this process to obtain analytic continuation of W to any interval Xj . 
Since the union of {%j}'*L contains M. + U {0}, it follows that W(k, .) is analytic in 

K + . In particular, (|4.72|) provides the local Taylor series representation of W(k,p) 
near p = po . | 



Proof of Theorem [TT2l 

Using Lemma FOl it follows from the inequality ||WM(-,po)||oo < H^^GiAOIIil 1 
by integration in k that 



\W®(x,po)\ < 



8TrA(AB) l e apo 
f](2l + 1) 2 (1 +Pl) 



m . 8irA(4B) l e apo 



\D 2 W^(x, Pa )\ < 



0(21 + 1) 2 (1 + P§) 
lQnA{AB) l e a P a 



P 2 (2l + mi+pi) 

and therefore, the series (14.72|) converges for \p— p$\ < B^ 1 /4 and, from Lemma l4.13l 
it is the local representation of the solution W(k,p) to (|2.9p satisfying W(k,0) = 
for any po > 0. These estimates on W in terms of W, and the fact that W(x,p) 
is analytic in a neighborhood of for p € {0} U R + and is exponentially bounded 
in p for large p (recall W S A a ) implies Borel summability of v in 1/t. Watson's 
Lemma [21] implies w(x,t) — e~ p / t W(x,p)dp ~ X)m=2 v m(x)t m , implying 

00 

v(x,t) = v (x) +tv 1 (x) + 2J w m (x)f n , 
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where v m (x) — m\W^ m 1 l(a;;0) = m\U^ m ^(xjO) for m > 2. It follows from the 
bounds on W^- 1 ^) in §3, that for m > 2, llFl" 1 - 1 ]^; 0)| < A B 7 n , where A and 
5c0 are chosen to ensure (j3~55]l . ([3~57| and (|3~58)) . 
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6. Appendix 

6.1. Some Fourier convolution inequalities. The following lemmas are rela- 
tively straightforward. 

Definition 6.1. Consider the polynomial 

n | 

3=0 J ' 

Remark 6.2. Integration by parts yields 



(6.73) 



f e~ T T n dT = -e- z P n {z) + nl 
Jo 



Lemma 6.3. For all y > and nonnegative integers m, n > we have 



~1 n 

y m+1 / P m P n (y(l - P ))dp = mini V — 



o (m + j + 1)1 



Proof. This follows from a simple computation: 



y m+1 / p m P n (y(l-p))dp = J2 ~y +m+1 / ^-p) j P m dp = mini £ 

JO „-_n 3- JO „_ n 

I 



yj+m+1 



— ' (m + j + l)! 



Lemma 6.4. For all y > and nonnegative integers n > m > we have 

/OC m J 

e -2,( P -i) pmpn(y(p _ 1))dp < 2 - m(m + n) , £ 2/_ 

3=0 J ' 

Proof. First we note that 

/>oc />oo 

y iii+i+i / e -2 1/ (p-i) /J m( p _ _ y m+i+i / e-ayp^ + p ) m p l dp 



^j!(m-j)!i £J J!("'-J)!2 J 



-i-i y J m\(l + m- j)\ 
( _ o (m-i)!j!2^ 



2 -'-i£ 



^ We may express it in terms of A and _B as well, however, the estimates Aq and f?o found 
in 53, are better. 
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Therefore, from the definition of P n , it follows that 

/oo 
e- 2 ^-Vp m P n (y(p-l))dp 

Taking the ratio of two consecutive terms we see that (I + to — is nondecreas- 
ing with I since m — j > 0. Therefore the I = n term is the largest term in the sum- 
mation over I. Further, EzLo 2 ^ 1 < L Therefore, Ya=o 2~'~ 1 (' + m - < 
(to — j + n)!/n!, and hence 



y 



^ -d)»< ^ g $ 2i l"; i;;" 



J=0 

The ratio of two consecutive (in j) terms in 2 j (to — j + n)!/(m — j)! is < 1 for 
m <n, hence the largest value is attained at j = and thus 

/oo m j 

e- 2vip - 1) P m P n (y(p - l))dp < 2- m (m + n)\ ]T 4y 

I 

Lemma 6.5. For all y > and nonnegative integers n>m> we have 

y rn+1 / e-^-^P+'^-^lp^Pn^ll - P \)dp < m\n\Q m+n+1 (y) 
Jo 

Proof. By breaking up the integral range into J Q and J^ 00 and using the two previous 
Lemmas, we obtain 

„oo / m +n+ 1 j 

y m+1 e-y(»- 1 ^ 1+ssa (p- 1 Vp m P n (y\l- p\)dp< m\n\[ V ^ 7 

V^m+1^ 

/ ni m „• \ m+n+1 

+ 2— (!^ E2 «4 < m!n! £ 2^-^=m!n!Q ro+ „ +l(y) 
m!n! f^ 3 [ - J j\ 

where we used 2^ m - n -^+ri)l < 1. | 

Lemma 6.6. If m and n, are integers no less that —1 we obtain 

\q\ [ e |9| - |9 ' | - |9 - 9 ' l k'ri9-'?r^'<2^(™ + l)!(n + l)!Q m+ „ +3 (| g |) 

Jq'eR 3 

Proof. We note that we may assume m < n without loss of generality since changing 
variable q' q — q' switches the roles of to and n. 
First, we will show that 

(6.74) M / eM-V^-^lqTk-qVdq' 
2tt Jq'eM 3 

< \q\ m+2 / e-^-W+^o-^p^Pn+^qKlp-lfidp 
Jo 
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We scale q' with \q\ and use a polar representation (p,8,4>) for q'/\q\, where 9 is 
the angle between q and q' . As a variable of integration however, we prefer to use 
z = y/l + p 2 — 2pcos9 to 8. Then, it is clear that 

p sin Odd 



\q ~ <z'l = + p 2 — 2p cos 9 = \q\z, and dz 



a/I + p 2 - 2pcos9 
Therefore, 

|g| / e^l-^'l-l^'llg'ng-g'prfg' 

/•OO 

= 2^| 9 r+ 2 / dp^e-l'l^- 1 ) e"l«H' J - 1 lp n+1 (| g ||p~l|)-e-l«l( 1+ '')p n+1 (| g |(l + p)) 
Jo L 

Inequality (gUg) follows since e-l 9 l( 1+ ^P n+1 (|g|(l+p)) > 0. The rest of the Lemma 
follows from Lemma 16.51 with y — \q\, and m replaced by m + 1, nbyrt + 1 
respectively. | 

Lemma 6.7. For any /i > 1. and nonnegative integers m,n we have 

\k\ 



-0[\k'\ + \k-k'\] 



m\n\ , , „ , , 

" /33 (1 + |fc|)M ^ + " + 2)<? m+ „+2(/?|fe|) 



Proof. We break up the integral into two ranges: 
(6.75) 

In the first integral we have 



fc'|<jfc|/2 J\k'\>\k\/2 



1 1 (3 
< < 



(1 + | As - fc'O^l + " (1 + \k\/2)f (1 + |fc'|) " (1 + \1e\/2)i>\pV\ 
While in the second integral we have 

1 1 

< ; < 



(1 + \k - (1 + \k'\y ~ (1 + |fc|/2)"(l + \k- k'\) ~ (1 + \k\/2)i*\0(k - k')\ 
Introducing in the first integral q — [3k and q' — (3k' , we obtain 

r -p[\k'\ + \k-k'\] 

J\k'\<\k\/2 (i + + fc'lr 



/3 3 (l + |fc|) 
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while in the second integral, with q — /3k and q — q' = (3k', we obtain 

J\k'\>\k\/2 {i + \k'\y{i + \k~k'\Y 

We now use Lemma 16.61 to bound the first integral, with m replaced by m — 1. We 
also use Lemma l6.6l to bound the second integral, with n— 1 replacing n. The proof 
is completed by adding the two bounds. | 



Lemma 6.8. For any fi > 2, and n £ N \ {0} we have 

\k\ 



-f)[\k'\ + \k-k'\] 

Proof. We break up the integral into /i fe /| < | fc i i 2 + J\kn>\k\ li' hi the first integration 
range we have [1 + \k — k']~^ < 2 M [1 + whereas in the second range [1 + 

\k'\}-^ < 2^[1 + Therefore, using Lemma EH 

-/3[|fc'| + |fc-fc'|] 



1*1 / 7 77777 — -, — -\f3(k-k')\ n dk' 

On the other hand, using (1 + < (1 + \k'\)- 2+2 / 3 < |fc'|- 2 + 2 / 3 we get 

r -fl[\k'\ + \k-k'\] 

^|fe'|<fc|/2 (l + |fc'|)^(l + |A:-fc'|)^ 

< \„\ / | '|-2+2/3 + U-o'l'W 

We note that 

M /■ | 9 '|-2+2/3 e -|,'|-k-«'l + l9l 



2rr 



g'Kkl/2 

/-1/2 ( f i+ P ■) 

J p -i+2/3 e -kl(P-i)|y dze-^ z z n+1 jdp 



= |g| n+2 + 2 / 3 



• 1/2 

< M 2/3 / p -l + Wp n+l{m _ p)dp 







< M 2/3 E /' p- 1/3 (i - p)^p < r>l 2/3 (- + 1)! E 
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Lemma 6.9. For any fi>l and nonnegative integers > we have 

r -f)[\k'\ + \k-k'\] 

(6.76) \k\ i £K3 (1 + wini + |fe _ w QMWDQv.iW* - 

< 3/33(1 + ^1)^ (^1 + 2Z 2 + l)(2/i + 2/ 2 + 2)(2i! + 2l 2 + 3)Q 2h+2h+2 ((3\k\) 
Proof. As before, we define q — (3k. Also, for notational convenience, we define 

K ~ ^3(1 + |A:|)m 

LemmaOand 2 2/l + 2i2+2 -(J+ 2 )Q J+2 (|g|) < Q 2;i+2 z 2+2 for j < 2/i + 2Z 2 imply that 
the left side of (|6.T6[) is given by 

2h 2l 2 r )2 l 1 + 2 l 2 -rn-n 2l i 2i 2 

E E fc ™ N ^ * E E 2 2h+2h - m - n (m+n+2)Q m+n+2 ((3\k\) 

m=0 n— m— n— 

< x £ 2 2 ^+ 2 -W+ 2 )0- + 2)( J + l)Q, +2 (| (? |) 

2/ 2 +2/i 

< KQ 2h+2l2+2 (\q\) 0' + l)(i + 2) 

< y (2i x + 2/ 2 + l)(2Zi + 2Z 2 + 2)(2Zi + 2^ 2 + 3)Q 2/l+2 , 2+2 (M), 
which imply the result. | 

Lemma 6.10. If ji > 2 and I > 0, then 



; e en- u 

WW y,* (i-r^wT^y Q2i(l/3(fc ^ fc ' )l)dfc ' 

^ (TT^y (2/ + 1)Q2i+2(/3|fc|) ' 

Ci = 12vr2^r 8 / 3 + 2tt2^- 2 + Icol/i)/? -1 

Proof. The case / = follows easily by using (|2.21[) and the fact that 

\k\=^\ q \<\f3- l Q 2 {\q\) 

For / > 1, it is convenient to separate out the constant term 2 2 ' in Q 2 \ and note 
that from (|2.21[) and the definition of Q n {z) we have 

r „-/3[|fe'|+|fc-fc'|] rJkip-PW r n p-P\ k \ 



-f3[\k'\ + \k-k'\] 
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As in previous Lemma, for notational convenience, we define 

f -f3[\k'\ + \k-k'\] 

Then, it is clear from Lemma 16.81 that 

21 n2l-n 

[Qu(p\k\) - 22 '] xk° = J2 -^r kn * k ° 

n=l 

, 2^+ 1 7re-' 3 l fc l A 2 2 ^» ( ^ 3(n + l)!|g| 2 / 3 ^ (gjfejji 

-/3 S (1 + N)"^ n! | (n ^ j! + 2/32/3 j! 

^ 2 ^+y e -/3|fc| f 2 2 ' +1 -J(/3|fc|)J ^ (n' - 2)! 
" /3 2 (1 + |/e|)M f-; j! ^ r , (n' - 1)! 

f V 1 l; I J=0 J n'=max{j,2} V y 



i=0 '' n'— max{j,2} J 



/? 2 / 3 2 

2 ^+i 7re -/3|fc| 
/3 3 (1 + |fc|)^ - 

The lemma follows since log(2Z + 2)/(2l + 1)<1, while if \/3k\ < (I + 1), 



< 



PQ 2 i+i(P\k\) log(2^ + 2) + 3(21 + \)!3 x / z \l3k\ 2 l 3 Q 2l+l {l3\k\) 



^[y) 2/3 Q2/ + i(/3|fc|) < Q 2 i + i(f3\k\) < \Q2i+2(f3\k\) 
whereas for j3\k\ > (I + 1) we have 

^y) 2/3 Q 2i+ i(/3|fc|) < M^Q 2I+1 C9|fe|) < 2Q 2;+2 (/3|fc|) 



I 
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